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The temperature dependence of rates of electron impact ionization and two electrons recombina-
tion are calculated using Wannier cross section of electron impact ionization of neutral hydrogen
atom. Entropy production and power dissipation are derived for the case when ionization degree
deviates from its equilibrium value. Damping rate of the sound waves is calculated and the condi-
tions when ionization processes dominate are considered. A WKB approximation for the heating
mechanism of solar chromosphere is proposed. Several analogous phenomena for damping rates in
liquids and crystals are shortly discussed, for example, deaf sound of a glass of beer or English salt
solution.
I. INTRODUCTION
In many cases the absorption of sound waves cannot
be described by hydrodynamic equations. The oscilla-
tions of the pressure of the longitudinal sound waves cre-
ate oscillations of the temperature. Further temperature
oscillations change the equilibrium densities participat-
ing in the chemical equilibrium constants. In such a way
the propagation of sound waves induces small oscillations
of the chemical composition of the medium. The forced
chemical reactions and oscillations of the compound how-
ever are related with average increase of the entropy at
almost constant temperature. This increase of the en-
tropy gives an irreversible energy dissipation and this dis-
sipation creates an additional damping rate of the sound
waves.
Within the hydrodynamic approach, the sound absorp-
tion is proportional to the square of the frequency ω2
while the new mechanism proposed in the present article
gives a constant damping rate. Definitely at some low
frequencies the considered mechanism dominates.
The hydrogen gas is actually a very simple object and
in this model case all steps in the listed above chain of
reasoning can be performed analytically.
Starting from the classical consideration by Wannier1
on near threshold electron impact ionization of the hy-
drogen (H) atom in ground state we calculate analytically
the chemical rates of electron ionization and correspond-
ing to the inverse process of two electron recombination.
Further we derive the kinetic equations for the densi-
ties of electrons ne, protons np, neutral atoms n0, time
dependence of the temperature T (t) and the time deriva-
tive of entropy which is one of the central results.
The energy dissipation related to entropy production
gives the explicit expression for the extinction of sound
waves and all details of the derived formula can be
calculated from first principles and compared with the
experiment2–5; for a contemporary review see Ref. 6. In
the WKB approximation the derived sound absorption
reveals the mechanism of heating of hydrogen plasma in
the partially ionized solar chromosphere. Physics of some
related phenomena in liquids and crystals are shortly an-
alyzed.
The paper is organized as follows: in the next sec-
tion II hydrogen atom ionization by electron impact is
considered, then in Sec. III electron density kinetics is
analyzed. The kinetic equation for the entropy is derived
in Sec. IV. The derived result are applied for the calcula-
tion of sound absorption in Sec. V. Finally in Sec. VI are
discussed several analogous phenomena and it is made
conclusion how the present research can be continued.
II. HYDROGEN ATOM IONIZATION BY
ELECTRON IMPACT
For electron energies ε slightly above the ionization
threshold I correlated motion of two electrons in the fi-
nal state is almost classical and for this difficult problem
Wannier obtained the well-known result for the ioniza-
tion cross-section1,7
σ(ε) = CWa
2
B
( ε
I
− 1
)ω
, (1)
where ω ≈ 1.18, CW is a dimensionless constant and
aB =
~c
e2
~
mc
=
~
2
me2
,
e2
~c
≈ 1
137
(2)
is the Bohr radius.
For the rate of the ionization reaction H+e −→ p+e+e
β = 〈vσ(ε)〉, v =
√
2ε/m, (3)
the integration on the Maxwell velocity v distribution
β = 2
√
2
π
CWa
2
BvTe
∞∫
ι
(ǫ − ι)ω ǫ1/2 e−ǫdǫ, (4)
vTe ≡
√
T/m, ǫ ≡ ε/T, ι ≡ I/T (5)
for low temperatures T ≪ I gives
β ≈ CββB e−ι, Cβ ≡ 2Γ(ω + 1)CW/
√
π, (6)
βB ≡ vBa2B, vB = (e2/~c) c ≡ e2/~. (7)
2In other words the ionization potential I is the activa-
tion energy of the rate or the chemical reaction parame-
terized by the Bohr velocity and natural for the atomic
physics rate unit vBa
2
B. According experimental study by
McGowan and Clarke4 they found ω ≈ 1 and the slope
of the almost linear dependence depicted in their Fig. 6
gives CW ≈ 2.7 whence according Eq. (6) we calculate
Cβ ≈ 3.0 ≃ 1.
The considered process gives for the time derivative of
the electron density
dtne ≈ βn0ne, (8)
where n0 is the volume density of neutral atoms. In the
next section we will consider other processes in the hy-
drogen plasmas.
III. ELECTRON DENSITY KINETICS
In general case we have to take into account the rate
of many processes
βϕ : H + γ −→ p + e, (9)
β : H + e −→ p + e + e, (10)
β
P
: H + H −→ p + e + H, (11)
γϕ : p + e −→ H+ γ, (12)
γ : p + e + e −→ H+ e (13)
γ
P
: (p + e)∗ +H −→ H+H, (14)
and more complete set of kinetic equations for the den-
sities of electrons ne, protons np and neutral atoms n0
looks like
n˙e = n˙
(+)
e − n˙(−)e , n˙e = n˙p = −n˙0, (15)
n˙(+)e = βϕn0 + βn0ne + βPn
2
0, (16)
n˙(−)e = γϕnpne + γnpn
2
e + γPnenpn0. (17)
Let us gives for reference the rate of direct process of
radiation recombination of the free electrons directly to
the ground state of the H atom
γϕ = Cϕ
(
~
mc
)3
I
~
√
ι, Cϕ =
210π3/2
3e4
≈ 34.8, (18)
σϕ = Cϕ
(e2/~c)a2BI
2
m2c2v2
,
~
mc
=
e2
~c
aB. (19)
In the derivation the principle of the detailed balance is
used and the result for the low energy cross-section of
photo-ionization σϕ.
8
Another process is the neutral atom catalyzed rate of
radiationless recombination at low temperatures consid-
ered by Pitaevskii9,10
γ
P
= C
P
e6σe0
MT 2
√
m
T
, (20)
C
P
=
32
√
2π
3
≈ 26.7, T ≪ I
√
m
M
, (21)
where M is the proton mass; see also article11 and refer-
ences therein.
The rates n¯pn¯eγφ = n¯0βφ are related by the principle
of the detailed balance7,10 followed by thermal averaging
n¯pn¯e
n¯0
=
β
γ
=
βφ
γφ
=
β
P
γ
P
, (22)
where n¯e, n¯p, and n¯0 are the equilibrium densities for
electrons, protons and neutral atoms.
In order to recall the equations for thermal equilibrium
let us introduce convenient notations12
nQ ≡
(
MT
2π~2
)3/2
, nq ≡
(
mT
2π~2
)3/2
,
n
S
≡ nqe−ι ≡
(
mT
2π~2
)3/2
e−I/T , p
S
≡ Tn
S
. (23)
In this case the chemical balance of the reaction H ↔
p + e leads to relation between the chemical potentials
and densities13
µ0 = µe + µp, µe = I − T ln genq
ne
,
µp = −T ln
gpnQ
np
, µ0 = −T ln
gpnQ
n0
,
n¯pn¯e
n¯0
= n
S
(T ), (24)
where g0 = 4, ge = gp = 2 are the statistical weights of
the particles. The equilibrium degree of ionization13,14
α ≡ np
nρ
, nρ = n0 + np =
ρm
M
, n = n0 + np + ne
can be expressed by the mass density of the gas ρm =
Mnρ or by the pressure p = nT
α¯ =
1√
1 +
p
p
S
(T )
=
−1 +
√
4
nρ
n
S
(T )
+ 1
2
nρ
n
S
(T )
∈ (0, 1), (25)
where g0/gpge = 1 is taken into account. Let us also
recall the expressions for the volume densities of the in-
ternal energy
E = cv(ne + np + n0)T + neI, cv = 3/2 (26)
and entropy
S = Se + Sp + S0, (27)
Se = ne
(
ln
[
genq
ne
]
+ cv + 1
)
, (28)
Sp = np
(
ln
[
gpnQ
np
]
+ cv + 1
)
, (29)
S0 = n0
(
ln
[
g0nQ
n0
]
+ cv + 1
)
. (30)
In the next section we derive their kinetics.
3IV. KINETIC EQUATION FOR THE ENTROPY
Radiation processes are essential only for very low den-
sities. As was pointed out by Pitaevskii,10 for dense
enough but still cool T ≪ I plasma, the main role can
come to recombination with participation of a second
electron as a third body. In this case the chemical equi-
librium relation Eq. (22) and Saha ionization equation
Eq. (24) give the rate of the two electron recombination
γ =
β
n
S
=
CββB
nq(T )
= CββB
(
2π~2
mT
)3/2
, (31)
which together with the ionization rate Eq. (6) is one of
the results of the present paper. In this section we use
the approximate kinetic equation
n˙e ≈ βn0ne − γnpn2e. (32)
Let in the beginning consider spatial homogeneous
plasma with constant energy density E = const, which is
not in chemical equilibrium. Differentiation of Eq. (26)
gives for the time derivative of the temperature
cvnT˙ = −(I + cvT )n˙e, T˙ ≡ dT/dt. (33)
This time derivative we have to substitute in the time
derivative of the entropy
S˙ = ∂S
∂T
T˙ +
∂Se
∂ne
n˙e +
∂Sp
∂np
n˙p +
∂S0
∂n0
n˙0. (34)
The elementary substitution after some algebra gives
S˙ = (βnen0) ln
[
nenp
n0nS
](
nenp
n0nS
− 1
)
. (35)
Introducing a dimensionless variable which describes the
deviation from the chemical equilibrium
χ ≡ nenp
n0nS
− 1 = nenp
n0
n¯0
n¯en¯p
− 1 (36)
and positive income rate in the kinetic equation
n˙(+)e ≈ βn0ne > 0 (37)
the entropy production reads as
S˙ = n˙(+)e η(χ), η(χ) ≡ χ ln(1 + χ) > 0, (38)
which is actually the general Boltzmann Eta-theorem ap-
plied to our current problem. At thermodynamic equi-
librium χ¯ = 0, η(χ¯) = 0 and entropy is constant S˙ = 0.
For many practical problems it is important to know
the entropy production of a system close to equilibrium.
For small deviations of the concentrations from the Saha
equilibrium equation
η(χ) = χ ln(1 + χ) ≈ χ2, for |χ| ≪ 1 (39)
we can take constant income rate ν ≡ βn¯0n¯e and the
volume density of entropy production takes the form
S˙ ≈ ν χ2, Q = T S˙ = Qion χ2, Qion ≡ Tν. (40)
This small increase of the entropy at almost constant
temperature is related to the power density of the ir-
reversible processes Q parameterized by a constant Qion
describing the rate of the chemical reactions per unit vol-
ume.
In the next section we apply average volume density of
dissipated power
Q = Qion
〈
χ2
〉
(41)
for the problem of damping of sound waves in partially
ionized hydrogen plasma.
V. SOUND ABSORPTION
Let us consider a plane sound wave with frequency
ω and x-axis chosen along the wave-vector k and the
direction of the longitudinal oscillation of the velocity15
vx(x, t) = v0 cos(kx− ωt), ω = csk, v0 ≪ cs (42)
with amplitude v0 much smaller than the sound speed
cs. The sound wave has the averaged volume density of
mechanical energy
E = 2
〈
1
2
ρv2
〉
=
ρv20
2
, (43)
twice time the averaged density of the kinetic energy den-
sity ρv2/2 and
〈
cos2
〉
= 1/2. The calculated in the for-
mer section dissipation power is just the damping power
of the sound wave
Q = −E˙ . (44)
In WKB approximation we suppose that amplitude of
the velocity v0(t) ∝ e−γtt is exponentially decaying with
small rate γt ≪ ω. For the energy density the rate is
doubled E ∝ e−2γtt. The damping rate is given by the
logarithmic derivative
2γt = −E˙E =
Q
〈E〉 . (45)
For sound waves which have negligible dispersion cs =
ω/k is more convenient to follow a wave packet propa-
gating along the x-axis with coordinate of the packet (in
WKB approximation) x = cst. This means that we con-
sider spatial dependence of the amplitude of the velocity
v0 ∝ e−γionx and for the space damping rate we have
γion =
Q
2cs〈E〉 . (46)
4In order to calculate this ionization induced damping
we have to calculate the numerator Q considering plane
sound wave.
Oscillations of the velocity v(x, t) create oscillations of
the mass density ρ = Mnρ, temperature T , electron ne,
proton np and atom n0 densities, and the density of Saha
n
S
given by definition Eq. (23):
ρ = ρ0 + ρ
′, nρ = nρ,0 + n
′
ρ, n0 = n¯0 + n
′
0, (47)
ne = n¯e + n
′
e, np = n¯p + n
′
p, T = T0 + T
′, (48)
n
S
(T ) = n
S
(T0) +
dn
S
dT
T ′, (49)
dn
S
n
S
dT
=
3
2T
+
I
T 2
≈ ι
T
, for ι = I/T ≫ 1, (50)
where the 0 subscript is omitted from now on in the lin-
earized approximation for all oscillating variables.16
The mass conservation equation ∂tρ = −div(ρv) for
small amplitude waves gives
ρ′
ρ
=
v0
cs
cos(kx− ωt). (51)
For adiabatic in initial approximation compressions the
chemical compound is not changed and all particles have
proportional oscillations of the density.
n′e
n¯e
=
n′p
n¯p
=
n′0
n¯0
=
n′ρ
n¯ρ
=
ρ′
ρ
=
v0
cs
cos(kx− ωt). (52)
For adiabatic S = const compression of an ideal gas
with constant heat capacity per particle cv = 3/2 we
have the well known low13 TV 1/cv = const whence
T ′
T
=
1
cv
ρ′
ρ
, (53)
This oscillation of the temperature describes the oscilla-
tions of the temperature density determining the ioniza-
tion rate
n′
S
n
S
≈ I
T
T ′
T
=
ι
cv
ρ′
ρ
. (54)
Now we have all ingredients to calculate the variable χ
from Eq. (36) describing the deviation from equilibrium
χ ≈ n
′
e
n¯e
+
n′p
n¯p
− n
′
0
n¯0
− n
′
S
n
S
≈ ι
cv
n′ρ
n¯ρ
=
ιv0
cvcs
cos(kx− ωt).
For low temperatures T ≪ I the dimensionless ratio ι =
I/T ≫ 1 and only variations of the Saha density n
S
are
essentials. Averaging
〈
cos2
〉
= 1/2 gives
〈
χ2
〉
=
1
2
(
1
cv
Iv0
Tcs
)2
≪ 1, (55)
Now we can calculate the power according Eq. (41)
〈Q〉 = 1
2
(
ι v0
cvcs
)2
Qion. (56)
Substitution of this power density together with en-
ergy density Eq. (43) in the definition for the extinction
Eq. (46) finally gives
γion =
Qionι
2
2c2vρc
3
s
= CββB
v2Tp
2c2vc
3
s
(1 − α)αnρ I
2
T 2
e−I/T ,
γη =
ω2
2ρ c3s
[(
4
3
η + ζ
)
+
(
1
cv
− 1
cp
)
κ
]
= aη ω
2, (57)
where we have introduced the thermal velocity of protons
vTp ≡
√
T/M and for comparison we give the hydrody-
namic extinction γη created by absorption of the sound
waves by the first η and second ζ viscosity coefficients,
and heat conductivity κ.15 For mono-atomic ideal gas
cocktail cp = cv + 1 = 5/2. For frequencies
ω < ωion ≡
√
γion/aη (58)
the ionization mechanisms definitely dominates. And for
every physical problem we have to check whether this
inequality is satisfied or not.
The sound velocity is determined by the ratio of the
two heat capacities γc and the averaged mass of the gas
cocktail 〈M〉
cs =
√
γcT/ 〈M〉, γc ≡ cp/cv, (59)
〈M〉 = mne +Mnp +Mn0
ne + np + n0
. (60)
Expressing the concentrations by the ionization degree
α ≡ np/nρ, nρ = np + n0, n = ne + np + n0, (61)
ne
n
=
np
n
=
α
1 + α
,
n0
n
=
1− α
1 + α
,
nρ
n
=
1
1 + α
, (62)
we obtain
〈M〉 = M/(1 + α). (63)
Additionally substituting cv = 3/2, γc = 5/3 and vTp the
sound speed can be expressed as
cs =
√
γc vTp
√
1 + α (64)
The total extinction γtot = γion + γη is just the sum of
the ionization and hydrodynamic one. The formulae are
valid for sound wave-vectors smaller than total extinction
k = ω/cs ≪ γtot. (65)
For ω ≪ ωc = csγtot experimental study could give the
result on γtot versus ω
2 plot. The linear regression will
distinguish the influence of the chemical reactions γion
and the hydrodynamic coefficient aη. The extinction is
actually the imaginary part of the wave-vector
k = k′ + ik′′, eikx = eik
′xe−k
′′x, k′′ = γtot (66)
5Again in the WKB approximation, for the sound wave
propagating along the x-direction the extinction repre-
sents the spatial dependence of the energy flux qs(h) of
sound waves
qs(h) = qs(0) exp
(
−
∫ h
0
2γtot(x) dx
)
. (67)
VI. DISCUSSION AND CONCLUSION
Here we wish to emphasize the difference between the
hydrodynamic sound damping by viscosity coefficients
and heat capacity and energy dissipation due to fluctua-
tions of the chemical concentrations and related to them
irreversible increasing of entropy. On one hand, the en-
ergy dissipation in hydrodynamics is quadratic with re-
spect to the gradients of the velocity and temperature.
That is why the hydrodynamic damping is proportional
to the square of the wave-vector and the square of the
frequency
γη =
k2
2cs
[
4
3
η
ρ
+ . . .
]
∝ k2 ∝ ω2. (68)
Roughly speaking fluids are low-pass filters. That is why
from a distant thunderstorm we hear only the low fre-
quency roar of the lightning. On the other side the en-
tropy increase due to fluctuations of the chemical compo-
sition does not require spatial homogeneity. That is why
the ionization sound damping is frequency independent;
even the basses are absorbed.
It is extremely interesting to check whether the height
temperature profile in the partially ionized solar chro-
mosphere can be described by absorption of the longi-
tudinal sound waves coming from turbulent convection
zone. A calculation to show whether the optically trans-
parent chromosphere is acoustically opaque with small
transmission (sound “tunneling”) coefficient
TTR = exp

−
hTR∫
0
2γion(x) dx

≪ 1 ? (69)
The integration here is across the whole chromosphere
from the photosphere to the solar transition region hTR.
No doubts the launching of the Parker Solar Probe satel-
lite and its G$ financing gives a new impetus on so-
lar physics and physics of plasmas in general. Here we
present a problem of H plasma which can be extended in
many directions.
It is interesting to mention that the damping of me-
chanic oscillations by chemical or ionization reaction can
be observed in many common situations. Pour beer or
champagne into identical glasses and compare their deaf
sound with the ringing of the of glasses full of wine
or cognac produced by hitting them with a teaspoon.
What’s the difference? Carbon dioxide in small bubbles.
For those whom some Lord forbids C2H5OH let, they
fill their glass with water and add a tablespoon of En-
glish salt (Epsom salt, epsomite MgSO4 · 7H2O); cheers.
What is thee difference between English salt and Hi-
malayan salt? Partial salvation
α =
[Mg2+]
[MgSO4] + [Mg2+]
(70)
versus almost complete one
α =
[Na+]
[Na+] + [NaCl]
. (71)
The deaf sound of a glass water with English salt is re-
lated to the big rate ν of the reaction
MgSO4 ←→ Mg2+ + SO2−4 (72)
and the significant value of (1− α)α < 0.25.
The last example of damping is related to ionization
reactions give quartz resonators. Q-factors of those res-
onators can be significantly decreased due to Al impuri-
ties and changes of the ionization charge in Al ion by the
strength of piezo vibrations.
After this short excursion let us return to the H plasma
and repeat the results derived in the present article:
1) using the Wannier ionization cross-section we calcu-
late the rate β of electron impact ionization Eq. (6) of
the neutral atom, and 2) simultaneously as inverse pro-
cess the rate of two electron recombination γ of the pro-
ton Eq. (31). 3) The entropy production S˙ Eq. (40) and
the dissipation power Qion due to deviation χ Eq. (36)
from the chemical equilibrium is a good basis for further
consideration. 4) Our main result is the damping rate
of the sound waves by oscillations of ionization. 5) We
propose a scenario for heating mechanisms of the so-
lar chromosphere and the explicit formula can be ap-
plied for existing models of the solar corona. Up to
now the heating mechanism of the solar chromosphere
is an open problem and the height dependence of the
temperature T (h) has not been calculated by first prin-
ciple hydrodynamic calculations. 6) In small magnetic
fields Alfve´n waves (AW) and Slow Magnetosonic Waves
(SMW) have common dispersion ω = VAk| cos(θ)|, where
ρV 2A = B
2/µ0 and θ is the angle between the constant
external magnetic field and the wave vector. However
the damping rates can be completely different due to
the pressure and temperature oscillations accompanying
SMW. We expect γSMW ≫ γAW. 7) The strong absorp-
tion of SMW in partially ionized plasmas explains why
magneto-hydrodynamic oscillations of the magnetic field
are mainly orthogonal to the static magnetic field which
is in qualitative agreement with the observations by dif-
ferent space missions.
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